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ABSTRACT 
/5 4/3*f 
A d e r  of problem related t o  the f e a s i b i l i t y  of measuring lunar 
heat flow at  the  lunar surface or i n  a shallow hole have been investigated 
with the following resu l t s .  S t w  of the steady periodic temperatures 
in t he  lunar material w i l l  give unambiguous information about i t s  
properties only if the surface material alone has an akpreciable effect 
on the  amplitude and phase of the thermal wave. 
the  amplitude of the  f luctuat ion a t  a given depth. 
Layering tends t o  reduce 
High-amplitude 
fl-uctuations near a glace where the poorly conducting surface layer is 
missing do not penetrate f a r  and pose no d i f f icu l ty .  Large Ferturbations 
of heat flow may be caused by i r r egu la r i t i e s  i n  thickness of the surface 
layer, and a number of closely spaced measurements a t  a given landing 
s i te  w i l l  be required t o  ndnlmiee t h i s  source of error.  The "blanket" 
method of measuring lunar heat  flow is not considered feas ib le  because 
of the  necessity of very closely matching the  local  albedo with the 
blanket, and because a blanket with Froperties such t h a t  an eas i ly  
measured gradient f r e e  from periodic f luctuat ions can be s e t  up by the 
lunar f lux  requires a prohibit ively long time to  come t o  thermal 
equilibrium. Conversely a blanket with a su i tab le  time constant w i l l  
y ie ld  only a small, seriously dieturbed gradient t h a t  w i l l  be d f f f i c u l t  
t o  measure. 
I * 1. INTRODUCTION 
A measurement of lunar heat flow w i l l  be in te res t ing  for  a number of 
s c i e n t i f i c  reasons. Heat flaw gives more direct evidence about the 
in t e rna l  thermal reginre of a planet than any other measurement tha t  can 
be -de a t  the surface, L i m i t s  t o  the  t o t a l  amount of radioactive 
elements i n  the planet 's  i n t e r i o r  can be set, 88 w e l l  a8 limits t o  i ts  
i n i t i a l  temperature. In  the case of the moon, a determination of heat 
f l o w  w i l l  help t o  decide j u s t  hav "dead" it is, since the  source of 
volcanism and mountain building must ultimately be thermal energy, most 
of which is leaked t o  the surface to  appear as heat flow. The small s i z e  
of t h e  moon makes i t  especial ly  in te res t ing  from the thermal point of 
view. Cooling f r o m t h e  surface has affected some 702 of the volume of 
the  moon compared with about 20% of the  earth,  assuming the two bodies 
a re  of the  same age. 
heat and radiogenic heat  may be very d i f f e ren t  on the  moon as compared 
As a Consequence the r e l a t i v e  importance of i n i t - a l  
with the earth,  a posaibility which makes a comparison of heat flaw from 
the  two bodies a l l  the more interesting. 
But granting the des i r ab i l i t y  of a measurement of lunar heat flow, 
a number of obstacle8 remain i n  t h e  way. On the  t e r r e s t r i a l  land surface 
heat  flow is measured in boreholes, mines o r  tunnels reaching depths up 
t o  several thuusand feet, considerable depths are necessary i n  order t o  
avoid disturbances which occur near the  surface. There is no prospect of 
d r i l l i n g  a deep hole in  the  moon i n  the  foreseeable future,  and any 
measurement of heat flaw rmst be made at the surface o r  i n  a shallow hole. 
The temperatures near the  lunar surface are i n  the f i r s t  place affected 
by the large montti)yvariation i n  surface temperature, and secondly by 
1. 
2. 
* 
. thermal refraction due to variability in the thickness of the lunar 
surface material, which is known to be of very low thermal conductivity 
compared to solid rock. The goal of the present study is to assess the 
seriousness of these difficulties, 
In the calculations which follow, the assumption that the lunar 
situation can be adequately represented by a linear model, i.c. a model 
in which the thermal properties of the lunar material are treated as 
independent of temperature, is made. This assumption is probably very 
wrong for materials near the lunar surface under ambient lunar conditions. 
Temperatures are below the Debye temperatures of common rock-forming 
minerals, implying a temperature-dependent specific heat. Radiative 
transfer is presumably an important contributor to the thermal conductivity 
of the porous surface material, and it is strongly dependent on temperature, 
Both factors argue for treatment of nonlinear models, but the additional 
complication is hardly warranted in view of the remaining uncertainties 
in the details of the properties of the lunar surface material. 
present study represents a first approach to the problem, aimed more at 
recognizing difficulties than at removing them, 
Thus the 
Four problems are considered in detail in the following sections. 
The first is the case of onedimensional steady periodic heat flaw in a 
stratified medium consisting of two layers of differing thermal properties, 
restfng on a substratum of infinite thickness which has a third set of 
t h e m 1  constants. An exact solution is obtained for the case of 
semisoidally varying surface temperature. 
A second problem again concerns steady periodic temperatures, this 
time in a two-layered medium with the upper layer absent within a circular 
3.  
I 
t 
1 region. Numerical results are obtained for this model of a hole in the 
moon's poorly conducting surface layer. Perturbations of heat flow due 
to variable thickness of the surface layer are investigated under steady- 
state conditions, and finally results are extended to calculations of the 
disturbances associated with the emplacement of a blanket-type thermal 
fluxmeter on the lunar surface. 
4. 
2. STEADY PERIODIC TEMPERATURES IN A 3-LAYERED MEDIUM 
A. Theory 
Mathematically the  problem can be expressed i n  t h e  following way. 
LII1 contains material with propert ies  -1’ K 6 1 9  21’ etc.  The region 0 5  
(see t ab le  1 for notation), the  region lC1L5 < X 
propert ies  IC2, etc., and the  region 2 > X3 contains material with 
properties IC3, etc. 
thermal f lux  (= K E )  are continuous, 
contains material with - -3 
- -  
A t  the  boundaries g1 and IC3 both temperature and 
-+ 0 as x 4 m, and T = h0 s i n  cot  - 
when = 0, where A is the  constant surface amplitude. Within each 
0 .. 
region T must s a t i s f y  the  equation of heat conduction, 3LT = l a r  
jL2  a 2t 
This problem is most conveniently solved by the  Laplace transform 
method described by Carslaw and Jaeger (1959). Further d e t a i l s  about 
t h i s  par t icu lar  problem are given by Lachenbruch (1959), who obtained the  
solut ion f o r  the  special  case ,x =I&. 
transform of - T, and use subscr ipts  t o  ident i fy  the  three regions, w e  have 
(Lachenbruch, 195s): 
If we write 3 f o r  t he  Laplace 
T1 = Fexp(qlx) + Gexp(-qlx), 
T* = Hexp(q2x) + Jexp(-q*x), 
T3 = RexP(-qp), (3 1 
(1 1 
(2 1 
- 
where F, G, H, J, and R are constants, independent o f z .  
conditions a t  each interface,  5 = X 
- x = 0, provide 5 equations which determine 
F, G, H, J, and R. 
The two boundary 
and 5 = X , plus the  condition a t  -1 -3 
the  5 unknown quant i t ies  
T 
t 
x1 
x3 
Ki 
p i  
"i 
pi 
q i  
Q 
L 
b 
2 X 
u) 
i C 
P 
Table 1. Definitions of Symbols 
Temperature 
Time 
Depth var iable  
Depth t o  base of upper layer 
Depth beneath base of upper layer 
Depth t o  top of substratum, =XI + X2 
Angular frequency, = 2.66 x 10-6 see-1 fo r  1 lunar day 
Thermal conductivity of t h e  i t h  layer  
Density of the i t h  layer  
Heat capacity of the  i t h  layer 
Thermal di f fus iv i ty  of the i t h  layer,  - lCi/pici 
Thermal i n e r t i a  of the i t h  layer, = (K p c )# 
Parameter of the  Laplace Transform, i' *exp(-pt)T d t  
Beat flow 
Thickness of blanket 
Subscr ipt  denoting properties of blanket 
5 .  
We find 
8 . 
where 
and X2 * % - xl. 
6. 
The' transforme of equations (1)-(3) can be inverted by the  contour in tegra t ion  
I) 
method. Lachenbruch (1959) has already shown t h a t  the l i n e  in tegra ls  involved i n  
the  inversion contr ibute  only t o  the i n i t i a l  t rans ien t  s t a t e  and have nothing t o  do 
w i t h  steady periodic temperatures. Hence for  present purposes we need consider 
only the  residues a t  the poles of t he  transforms. 
Y = *iw; following Lachenbruch, we assume t h a t  t he  quantity b (equation 9 )  has no 
zeros i n  the  comklex plane. 
indeed s a t i s f y  a l l  of the  conditions of t he  Froblem, which cons t i tu tes  proof tha t  
e i t h e r  A has no zeros or  t h a t  t h e  residues a t  the  resu l t ing  poles contribute 
Poles a re  located a t  
It can be shown tha t  the solut ion given below does 
nothing t o  the  steady ;eriodic p a r t  of the  solution. 
The residues a t  p = t i u ,  lead t o  the  following expressions fo r  t he  ternEeratures. 
7. 
where 
. and 
I 
n 
The temperature is a Sinusoidal function of time a t  all depths. 
have the solut ions in the  forre T = A  s i n  (wt+ 
and phase of the f luctuat ions.  We w r i t e  A = !k “/B~&? and 
It is  useful  t 0  
), i.e. i n  terms of the  amplitude 
= -tan-’(Bi/Ci), 
D 
and f ind  t h a t  the  Bi and Ci a r e  given by the  following expressions. 
9. 
c 
An a l t e rna t ive  way of expressing the solut ions i n  the  middle layer  and i n  
I n  the f i r s t  t h e  substratum leads t o  r e s u l t s  which a re  s i m p l e r  i n  apjearance. 
case, one mag use Lachenbruch's (1S59) so lu t ion  f o r  the two-layer poblem, with 
amklitude and phase at t he  surface calculated from equations (17) and (18) at  
x = Xl. I n  t he  substratum one may use the  s i m p l e  solut ion for a uniform half  
q a c e  (Carslaw and Jaeger, 1959, p. 65),  with surface amglitude and phase 
calculated from (19) and (20) a t  x = X3* 
i n  t h i s  way proves t o  be of l i t t l e  value f o r  p rac t i ca l  calculat ion,  however. 
A number of terms which are independent ofz, such as those on the  r i g h t  s ide  
of (13), nust be evaluated i n  order t o  obtain numerical r e s u l t s  i n  the  upper 
layer  and a t  the  in te r faces ,  Once t h i s  is done it seems simkler t o  continue 
t o  use the  three-layer theory ra ther  than evaluating naJ exgressions which 
ai;kear i n  the  Wo-layer theory, and which d i f f e r  from those already evaluated. 
The extreme simFlici ty  of the  exkression for temperature i n  a homogeneous medium, 
however, makes the  a l t e rna t ive  procedure more a t t r a c t i v e  than the  use of 
equation (12) i n  the  substratum. 
The apparent s impl i f ica t ion  achieved 
11. 
The three-layer theory leads to exgressions which are far too cumbersome 
' for hand calculation. Numerical results are easily and raFidly obtained by 
a digital coquter, however. Use of the exact theory insures that no unwanted 
initial transients affect the results. If finite difference methods are used, 
assurance of freedom from transients is secured only by repeatedly cycling the 
calculation, a procedure which is far more costly i n  machine time than is 
evaluating the exact theory. 
B. Applications 
In order to apply the theory developed above to the lunar surface, 
the parameters of the problem must either be fixed, or their ranges nust 
be restricted by estimate or by lunar observations. There are eight 
independent parameters (two thermal constants for each layer plus the 
thickness of the upper two layers), since density and heat capacity always 
occur in the equations as the product1 c and can be considered a single - 
parameter. Nevertheless a very large number of pernutations of values 
remains, and it is important to fix as many parameters as possible. 
We shall take Lequal to 0.2 cal/gm O C  in all models; this value is 
appropriate to all common silicate materials under lunar surface conditions. 
Fixings does not of course reduce the number of parameters unless 1 is 
also fixed. Perhaps the best-known lunar parameter is the thermal inertia, 
0, of the surface layer, which is known from infrared temperature measure- 
ments during a lunation to be about 0.0023 ca1/cm2 OC sec' (see for 
example, Sinton, 1961, p. 411). From this result we take the product 
- -  K 2 c for the lunar surface to be, nearly enough, 5 x 
The very low value of the thermal inertia is the principal evidence that 
2 4 , 2  cal /cm C sec. 
the lunar surface is composed of granular material. 
Analysis of radar echoes from the moon leads eventually to a determination 
of the product of density and dielectic constant. Since the latter quantity 
varies little among common silicates, the density may be inferred from 
these results. According to Evans' (1961) summary, material with the 
properties of loose sand would fit  the radar data, i.e. a density between 
1 and 2 gqlcm would be expected. On the other hand, the radar reflections 3 
may originate f r o m  a level beneath the optically defined surface. Lower 
b 
13. 
. surface dens i t ies  would then be possible and would be the  automatic i * &  
, consequences of several postulated models of lunar surface s t ruc ture  
(Hibbs, 1963; Warren, 1963; Hapke, 1964). We shall consider models 
with - p ranging from 0.1 t o  2.0 &cm . and p are regarded as 
fixed by other considerations, a choice of e a l h  fixes 
i -  
3 Since 
for  the par t icu lar  
I 
I model of the  surface layer. 
W e  have no d i r ec t  information about  the propert ies  of the subsurface 
We s h a l l  assume t h a t  t h e  substratum consis ts  of unfractured layers. 
basic rock; 
layer is presumably made up of rubble, with propert ies  between those of 
the  surface layer  and the  substratum. 
considered i n  order t o  indicate  the  e f f ec t s  to  be expected from such a 
layer. They do not exhaust the possible range of properties;  
with the surface layer res t ing  d i rec t ly  on a s o l i d  substratum or with an 
i n f i n i t e  thickness of surface material may be considered l imit ing cases. 
The thermal properties t h a t  have been considered i n  the following numerical 
calculat ions are collected in t ab le  2. 
appropriate properties are shown in t ab l e  2. The intermediate 
Three p o s s i b i l i t i e s  have been 
models 
It is  useful a t  the  outset  t o  recognize two l imit ing types of 
amplitude - depth relat ions.  
the temperature osc i l l a t ion  decreases with depth according t o  t h e  r e l a t ion  
A = Ao exp (- m a  x) . The exponential damping l a w  is obeyed far from 
the lckser contact of a thick surface layer  of law thermal d i f fus iv i ty .  
d i f f e ren t  extreme is encountered i f  the  densi ty  of the material becomes 
very small. 
time derivat ive then becomes negligible, and the  amplitude is found to 
decrease l inear ly  with depth. 
examples of both types of behavior. 
In a homogeneous medium the amplitude of 
A 
The term i n  the  equation of heat conduction containing the  
The numerical r e s u l t s  which follow contain 
Table 2. Properties of layers. 
K 
cal/cm sec°C p 3  W c m  
0.1 
0.5 
1.0 
2.0 
11. Intermediate layer. 
A 1x1~-3 1.0 
B 1x1~-3 2.0 
c 2 x 1 ~ - 3  2 -5 
111. Substratum. 
~ x I O - ~  3.0 
IV. Blanket materials. 
SI-10 2 . 6 9 ~ 1 0 - ~  0.032 
Pras t i c  1.0~10-~ 1.3 
SI- 91 4 . 1 4 ~ 1 0 - ~  0.120 
C 
cal/gm°C 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
a! 
cm2/sec 
1.25x10-* 
1.25x1d4 
5 . O X ~ O - ~  
3.12~10+ 
5 . ox10-~ 
4 . 
2.5x10-~ 
8 . 3 3 ~ 1 6 ~  
4. 20x10-~ 
1 . 7 2 ~ 1 0 ~ ~  
3 . 8 5 ~ 1 6 ~  
1 . 4 1 ~ 1 0 - ~  
3 . 16x10-‘ 
2. oox10-2 
5 . 4 8 ~ 1 0 - ~  
14. 
In  the calculations Ao was given the value 314°C. This is not 
t he  amplitude of the  temperature f luctuat ion a t  the lunar surface, but 
ra ther  is twice the amplitude of the fundamental mode i n  the Fourier 
analysis  of lunar surface temperature given by Sinton (1961). 
is more in te res t ing  than the higher harmonics because i t  is about 5 times 
as large and because it penetrates the most deeply. 
g ives  the  t o t a l  range of teqerature d i rec t ly .  
This t e r m  
Doubling the amplitude 
Some typical  r e s u l t s  are shown i n  f igs .  1 through 6.  The curves of 
amplitude and phase VS. depth have cha rac t e r i s t i c  shapes; the sharp 
drops in the curves as in te r faces  are approached are  par t icu lar ly  note- 
worthy. 
infoxmation than study of amplitude alone, although any program of 
temperature measurement would automatically yield both quant i t ies .  
Study of both amplitude and phase seem t o  give l i t t l e  more 
The amplitudes decrease exponentially near the tops of layers about 
a meter or more i n  thickness. The lav of decrease i s  the  same a8 i n  a 
semi-infinite region, and the  thermal d i f fus iv i ty  of the layer can be 
obtained from the  damping observed. Where the exponential law is not 
obeyed, the properties of more than one layer  are involved and it is 
doubtful whether they can ever be uniquely untangled. 
where a l inear  l a w  applies (cf. figs. 1 and 2), the  properties of the  
lower layers assume special  Importance r e l a t i v e  t o  the upper layer i n  
which the  l i nea r  damping occurs. 
In  t h e  s i tua t ions  
In  a case i n  which measurement6of temperature cangot be made throughout 
the  thickness of a layer,  the proximity of an in te r face  could be detected, 
i f  indeed one w e r e  near. No more than t h i s  qua l i ta t ive  r e s u l t  can be 
obtained unless the depth of t he  in te r face  is a l so  known (c.f. f igs .  4, 5, 
IO 20 30 40 50 
Depth, centimeters 
Figure la.  Effect of properties of the surface material on ampli- 
tudes in a layer 20 cm. thick. Numbers beside the curves identify 
the rows in table 2 (I). Lower layer is substratum of table 2(III). 
I 
I 
I 
1 I I I I 
IO 20 30 40 50 
Depth, centimeters 
Figure I b. Effect of properties of the surface material on 
amplitudes. Same as figure la except amplitude scale is linear. 
I 
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c 
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-250 
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1 I I 1 
IO 20 30 40 50 
Depth, centimeters 
Figure IC .  Phase lags in surface layers of figure la .  
300 
0 
10 20 30 40 50 
Depth, centimeters 
Figure 2. Amplitudes in a surface layer 50 cm. thick. Numbers 
beside the curves identify the rows in table 2 (I) .  
100 
cn a 
CT a 
W 
2! 
I 
50 100 150 200 
Depth , centimeters 
Figure 3 0 .  Effect of properties of the intermediate layer on 
amplitudes. Upper layer 20 cm. thick of material I of table 
2 (I). Curves A,  8, C for 200 cm. thickness of materials 
A ,  8, C of table 2 (II). Curve 0 ,  no intermediate layer, 
surface material rests directly on substratum. 
0 
- 50 
m 
g -100 
L 
CT 
Q) 
tf 
c 
Q) 
u) 
f -150 
Q. 
- 200 
i I I I 
- 250 
50 100 150 200 
Depth, centimeters 
Figure 3 b. Phose lags in layers of figure 3 a. 
I -  
100 
IO 
I 
50 100 150 200 
Depth, centimeters 
Figure 4 a. Effect ,of properties of the intermediate 
layer on amplitudes. Upper layer 20 cm. thick of 
material 3 of table 2 (I). Curves A, B, C for 200 cm 
of materials A, B, C of table 2 (E). Curve 0, no 
intermediate layer, surface material rests directly on 
su bst ra tum . 
, 
. o  
- 50 
3 -100 2 
CT a 
U 
c. 
3 
r 0 -150 
a. 
- 200 
- 250 
50 100 150 200 
Depth, centimeters 
Figure 4 b. Phase lags in layers of figure 4 a .  
100 
IO 
I 
40 80 I20 
Depth, centimeters 
Figure 5. Effect of thickness of the intermediate 
layer on amplitudes. Upper layer 20 cm. thick of 
material 3 of table 2 (I), intermediate layer of 
material A of table 2 (II). Numbers beside 
curves give thickness of intermediate layer. 
40 80 I20 
Depth , centimeters 
Figure 6. Effect of thickness of the interme- 
diate layer on amplitudes. Upper layer 20 
cm. thick of material 3 of table 2 (I), 
intermediate layer of material 6 of table 2 
(It). Numbers beside curves give thickness 
of intermediate layer. 
15. 
and 6 ) .  
the  propert ies  of the  underlying layer re l iab ly ,  and l i t t l e  more than i t s  
thermal i n e r t i a  can be deduced unless some penetrat ion of the underlying 
layer  is possible. 
Temperatures must be measured at t h e  in te r face  in order t o  determine 
It is worthwhile remarking again t h a t  the  above conclusions a r e  
cor rec t  only i f  ' w i z a t i o n  of t h e  conduction equation is  valid.  
w i l l  c e r t a in ly  not be t r u e  close to the  surface, and w i l l  only become 
va l id  a t  depths where the  osc i l l a t ions  i n  temperature a re  severely damped. 
This depth is  c r i t i c a l l y  dependent on the  surface material ,  
region of material  4 of t ab l e  2(I), the  amplitude reaches 1 degree a t  a 
depth of 30 cm. 
Table 2)  an amplitude of 1 degree occurs a t  a depth of 450 cm, 
cases the  surface amplitude was taken t o  be 314 degrees, as before. The 
presence of layering would reduce those depths. In  pract ice ,  the l i nea r  
theory will probably be va l id  if the amplitudes a r e  less than 10 degrees, 
but should be regarded with suspicion i n  cases of higher amplitudes, 
This  
In  a homogeneous 
In  a homogeneous region of solid rock (substratum of 
In  both 
16. 
3 .  STEADY PERIODIC TEMPERATURES NEAR A HOLE IN 
THE SlTRFACE LAYER 
The poorly conducting lunar surface layer may locally be absent, 
and the substratum of higher conductivity may be exposed to high- 
amplitude fluctuations in temperature at the surface. 
outcrops will be comparatively inefficient, and large amplitudes of the 
thermal wave many penetrate the substratum both laterally and vertically, 
We require an estimate of the extent of serious disturbance. 
Damping near such 
A simple geometrical model of an outcrop is obtained as follows. 
Imagine first a two-layer structure of the sort described in the last 
section, i.e. a uniform layer w i t h  one set of properties separated by a 
plane boundary from a substratum of different properties. We then remove 
a piece of the upper layer having the shape of a right circular cylinder, 
and fill the resulting bole with material of the substratum. 
is a cylindrical protuberance on the substratum extending to the original 
plane surface, 
The result 
Analytical solutions to heat flow problems in heterogeneous regions 
of this degree of complexity are unknown, and recourse to numerical 
methods must be had. The following calculations were made from the 
simplest form of finite-difference approximation to the equation of heat 
conduction in cylindrical coordinates (see for example Carslaw and 
Jaeger, 1957, p. 468,470). The progrrnavritten for the computer took 
account of different conductivities in the two layers, but did not allow 
for different densities and heat capacities. 
not affect the qualitative conclusions drawn from the calculations. 
second simplification was to assume that the surface temperature was 
This simplification does 
A 
17. 
independent of position and varied with time in the manner shown by 
Sinton (19€1, fig, 3). Actually the amplitude of the variation would 
be smaller in the hole, because of the better connection between the 
surface and the lunar interior there, and the extent of the perturbation 
of amplitudes is therefore slightly 
of this effect. 
overestimated because of neglect 
Results of the calculations are shown in fig. 7 as contours of equal 
amplitudes. 
that of the substratum. It is evident from the figure that the effect of 
the hole is negligible at a distance from the edge equal to its diameter, 
and that serious perturbations do not extend further than about half this 
distance. 
as is shown by the fact that no contour can be intersected more than once 
by any vertical line. 
fluctuations originating in the hole to "run under" the surface layer. 
It may be concluded from these results that the influence of an outcrop 
on amplitudes does not persist for a distance greater than its diameter. 
The conductivity of the surface layer is taken to be l/lOth 
The amplitudes decrease monotonically with depth everywhere, 
Thus there is no tendency for high-amplitude 

18. 
4. STEADY-STATE PERTiJR3ATIONS OF FLUX DUE TO 
IRREGULAZITIES IN THE THICKNESS OF THE 
SURFACE LAYER 
If the thickness of the poorly conducting surface layer is variable, 
heat tends to be funneled towards thin spots in the layer and away from 
thick spots, a phenomenon sometimes termed thermal refraction. Refraction 
causes the flux observed at the surface to be high where the insulating 
layer is thin and low where it is thick. Some studies of terrestrial heat 
flow have revealed irregularities which may be attributable to thermal 
refraction. 
the conductivity contrasts are large; a good terrestrial example would 
be near a ealt dois? in poorly consolidated, fine-grained sediments. 
Errors arising from this effect may be large in cases where 
The contrast in conductivity near the lunar surface may exceed a 
factor of 10 (table Z), a contrast that is considerably larger than one 
would expect to encounter on earth. 
scales according to the ratio of the conductivity of the substratum to the 
conductivity of the surface layer, and hence large perturbations may be 
expected near the lunar surface. The question wa6 investigated 
quantitatively by studying the steady-state temperature distribution 
around cylindrical protuberances on the interface between an upper poorly 
conducting layer and a better conducting substratum. 
analogous to the investigation of amplitudes near an outcrop discussed in 
the last section, but with constant surface temperature. 
program was used, steady-state conditions being achieved by allowing the 
calculation to iterate until the temperatures stopped changing. 
The proportional c h a e  in flux 
The problem is 
The same machine 
In the application of a steady-state theory to the lunar surface, 
it must be.assumed that the periodic transients either have been avoided 
I 
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by measuring heat flow i n  a suf f ic ien t ly  deep hole or  have been removed 
by observing temperatures over at  least one cycle and calculat ing 
undisturbed steady-state means. 
even i f  one of these ways of removing t rans ien t  e f f ec t s  can be followed 
(neither w i l l  nercssnri ly  be easy t o  car- out), perturbations leading 
t o  erroneous measurements of lunar heat  flow may st i l l  remain. 
The r e s u l t s  of t h i s  sect ion show t h a t  
A number of typ ica l  r e s u l t s  are shown i n  f ig .  8. Cases (d) and ( e ) ,  
in which the  substratum crops out  a t  the  surface, lead to the l a rges t  
perturbations, but such l o c a l i t i e s  are obviously a typica l  and could eas i ly  
be avoided. 
i n  the  in te r face  are completely buried as i n  the other  cases shorn, but 
nevertheless they are appreciable. Local var ia t ions up t o  about SOT nuxy 
be found i n  a l l  of t he  cases examined. The r e s u l t s  shown in fig. 8 were 
calculated for a ratio of conductivit ies of 10; 
shows t h a t  t h i s  value is, if anything, too low. A conductivity ratio of 
20 would lead to  perturbations of a factor of 2 or =re, depending en 
whether one considers enhancement o r  reduction of the  undisturbed flux. 
The perturbations are great ly  reduced i f  the i r r egu la r i t i e s  
reference to table 2 
I n  order t o  be useful,  a measurement of lunar heat flow nust lead to  
an estimate of mean f lux  i n  a region with dimensions measured i n  kilometers 
which is accurate t o  be t t e r  than 20%. 
t h i s  t he  numbers w i l l  have l i t t l e  significance f o r  geophysical or cosmological 
theory. 
t he  required accuracy, assuming that  t h e  individual values are disturbed 
by no more than 50% and t h a t  t h e  disturbances are normally dis t r ibu ted  
with zero mean value. This l a t t e r  requirement implies t h a t  the probabili ty 
of finding a given posi t ive disturbance must be the  same as f inding a 
I f  the  e r ro r  is mrch greater than 
The mean value of 10 f a i r ly  c losely spaced measurements would have 
-I- 
" o m  
0 - -  
a 
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. negative disturbance of t he  same amount. It is not at  a l l  c lear  t ha t  a 
system of randomly dis t r ibuted,  small, buried c ra t e r s  would have t h i s  
property. Furthermore systematic e r ro r  would invalidate t h i s  s t a t i s t i c a l  
method of achieving accuracy i f ,  for example, a l l  of the measurements 
were made within a large buried crater  so tha t  a l l  were affected by a 
negative disturbance. 
An a l t e rna t ive  approach is t o  escape the near-surface perturbations 
by d r i l l i n g  deeply enough t o  make the measurement beneath them. 
should be possible t o  do t h i s ,  because porosity w i l l  be eliminated or  
great ly  reduced by the  weight of overburden, and very large contrasts  i n  
conductivity w i l l  no longer be possible. Considerable depths of penetration 
may be required, however, s ince disturbed temperatures extend t o  a distance 
beneath the bottom of the  anomalous region roughly equal t o  i t s  diameter. 
It 
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5. THE BLANKET METHOD OF MEASURING LUNAR HEAT FLW 
i -  
i .  
A. Introduction. 
If a sheet of material of known thermal conductivity is placed on 
the lunar surface and allowed to come into thermal equilibrium, the heat 
flow through the surface can be determined from measurements of the 
thermal gradient in the sheet. 
material and temperature sensors for the determination of the gradient 
is known as a fluxmeter, or blanket. Such devices have found meteorological 
application in the study of heat exchange between the ground and the 
atmosphere, but they have never been successfully used in the measurement 
of terrestrial heat flow except in thermal regions where the heat flow is 
orders of magnitude higher than normal. 
A device consisting of a suitable insulating 
The extreme simplicity of the blanket method makes it appear attractive 
as a tool for determination of lunar heat flow. Associated difficulties 
seem to outweigh this advantage, however, as is discussed below. 
B. Simple steady-state blanket theory. 
Since one has complete control over thc geometry of the blanket, it 
is possible to select a shape that is amenable to simple theoretical 
treatment. 
proves to be a convenient choice. 
problem has been suggested privately by A. €3. Lachenbruch, and much of 
the following discussion is due to him. 
A circular disc with diameter greatly exceeding thickness 
An approximate method of treating this 
Consider a half space with zero initial temperature. If, starting 
atr=O, the temperature of the surface is maintained at a constant value 
L;T - within a circle of radius ,R and zero outside the circle, then beneath 
22. 
* cPe center of the circle (Lachenbruch, 1957) 
where 2 is deEth. Beneath the center, as the depth apLroaches zero, the 
vertical gradient apt;roaches 
VT = -AT[l/R erfc It+/& + l / . l  
and the heat flow aFproaches 
(See table 1 for definitione of symbols.) In the steady state (23)reduces t Q  
A8 an illustration of the aytlication of these results, consider 
the case of a blanket placed on the plane lunar surface. The upper 
surface of the blanket is SUFpOSed to be at zero, as is the lunar 
surface outside the blanketed area. The assumption that the steady 
periodic transient has somehow been removed is implicit. 
flux is everywhere Q, then AT - in (24) becomes equal t o  @Kb, where 
& is the thickness of the blanket and the subscript b denotes blanket 
properties. From (24) we find a perturbation of flux 
If the lunar 
- 
due to the blanket. This result is akkroximate first because the 
undisturbed flux 9 was used to calculate AX, and secondly because 
AT. is assumed constant when in fact it varies with radius in an 
unknown way. The first objection can be overcome by substituting 
r) -b - 
and iterating the process until it converges. For exam;.le, if 
for Q in the expression for A_T, calculating the new disturbance, - 
Substituting AZb - 0.G Q for Q' lead6 to QdQ = 0.84, and a second 
iteration gives Q Q = 0.842. The Frocess evidently converges 
rasidly. 
- -  - - 
-d- - 
The second objection mentioned above is inherent in the 
method, since edge effects are neglected. The error is small if 
23 . 
it&, is large enough. - 
In order to get a quantitative idea of the meaning of ''large enough' 
A blanket is now supposed consider a second illustration of the method, 
to be buried so that its upper surface coincides with the initial plane 
surface. 
we a83um uniform flux as a first %,proximation. 
in the blanket is thin 0flb, and elsewhere it is Q/K; the cortessonding 
The geometry is identical to that shown in figure 8(e). Again 
The thermal gradient 
- -  - -  - 
temperatures at the level of the base of 
sds respectively. Equation (24) then - - 
dC/Q = l-QdQ = +yK,,-l] 
the blanket are and 
gives 
- -  
(2 6 )  
in this case. 
problem can also be solved by the finite-difference method used above in 
eection 3, and a c q a r i s o n  of the results gives some idea of the range 
of applicability of the approximate method (figure 9). The finfte-difference 
calculations agree well with equation (26) for w-b  greater than about 20, 
but iteration does not improve the agreement. 
unstable for s/x,b equal to 10 or less, 
between the errors arising from neglected edge effects and those due to 
other aprroximations in the derivation of (26) takes Flace, and the use 
of (26) without iteration appears to give the more reliable results. 
Since the finite-difference calculations are probably not accurate to 
better than 5 per cent, the results given by the simLle approach outlined 
here are satisfactory. 
Iteration again may be used to improve the result. This 
- 
The iteration Grocess becomes 
It appears that aome compensation - 
There is a second type of disturbance arising fromthe presence of 
a blanket on the lunar surface which may be treated exactly by the present 
method. If the albedo of the blanket does not match that of the lunar 
surface, the mean temperature of the to& of the blanket will differ from 
the mean surface teqerature. 
directly from (23) and (24). For example, if a blanket 100 cm in radius 
The disturbance of flux can be estimated 
L 
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Figure 9. Comparison between the simple meth 
and the finite-difference calculation. The point! 
calculation and the line shows the finite -differer 
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0 uniterated 
0 iterated 
60 
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80 100 
bd of calculating the disturbance due to the blanket (equation 26) 
i were obtained from the equation with and without iterating the 
Ice results. 
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rests on material of ccnductivity 5 x loo5 (material I(2) of table Z), 
then a difference in teqerature of only 0.ZoC produces a steady-state 
disturbance in flux of 0.1 x cal/cm sec. Such a disturbance may 
already be intolerably large; it becomes worse if the surface material 
is a better conductor or i f  the radius of the blanket is reduced to a 
more manageable figure. 
teqerature of the lunar surface t o  better than l0C, so that a serious 
disturbance due to mismatching albedo may go com,letely undetected. 
2 
It will be difficult to measure the mean 
C. Time-deFendent kroblems associated with the blanket method. 
It is convenient to consider separately two causes of time-degendent 
teqeratures. One is the steady keriodic regime prevailing near the 
lunar surface, and the other i s  the transient disturbance arising from 
the emplacement of the blanket. The latter has two sources. The 
blanket may not be at the same initial temkerature as the lunar surface, 
and after emklacement the establishDQent of the lunar thermal gradient 
within the blanket changes both its tenqeratute and that of the lunar 
material. 
Flanning, but the second cannot. 
The first source of disturbance can be avoided by careful 
Steady Leriodic temperatures in the blanket were investigated by the 
methods of section 2. The blanket, taken to be 5 cm thick, was assumed 
to rest on a thick layer having the troperties of layer 2 of table 2(I), 
on 50 cm of such material which rested in turn on the substratum of 
table 2(III), or directly on the substratum. Three kinds of blanket 
materials were considered (table 2(IV). Two of them, SI-10 and 
SI-91, are "sugerinsulators" developed by Linde for the storage of 
cryogenic fluids. 
extraordinarily low, as is shovn in the table. A third blanket material 
was assumed to have Properties corres2onding roughly to those of ordinary 
plastics (e.g. bakelite or Flexiglass). 
The thermal conductivity of these materials is 
25 
Amplitudes and Lhases of the temperature variations at the bottom 
. of the blanket are shown in table 3 for the various combinations Of 
blanket materials and assumed lunar configurations. The Wlitude- 
depth curve in the blanket has the same shape as the curves for the 
upper layer shown in figure la; that is, the amklitude at the center 
of the blenket exceeds the geometric mean of the surface amplitude 
(314OC) and the amplitude shown in the table. 
superinsulators are capable of reducing the fluctuation to manageable 
proportions (order of tens of degrees or less) in the lower half of the 
blanket. It is doubtful whether the mean temierature can be determined 
in the "plastic' blanket to sufficient accuracy. The situation is made 
worse by the fact that the exFected gradient is inversely proportional 
to the conductivity of the blanket. 
gradient is on the order of l-lO%/cm, whereas in the "slastic" a 
gradient of 10-2-10-3 %/cm seems likely. 
Clearly only the 
In the sukerineulators the exsected 
Hence we find that the use of superinsulators is indicated in 
order to eliminate the steady keriodic fluctuations most effectively 
and to raise the mean thermal gradient to an easily measured value. 
But now we must consi3er the transient associated with blanket emplace- 
ment. We assume that the lateral dimensions of the blanket are great 
comFared with its thickness, so that the broblem can be treated as one 
of 1-dimensional heat flow. The blanket, occupying the region -& - 
is assumed to have initial temperature zo, and thermal properties 
indicated by the subscript b. 
initial teqeraturc! s, where x 3 o equals depth, and unsubscripted 
properties. 
< <  - 0, 
The lunar material (assumed uniform) has 
Writing '?; for the Laslace transform of T, as before, we find 
Tb = To/p + A sinh - qbx + B cosh qbx 
and 
- 
T = maS/p + C exg(-qx) 
Blanket material 
SI-10 
SI-10 
SI-10 
SI-91 
SI-91 
SI-91 
Plastic 
Plastic 
Plastic 
Table 3. Amplitude and phases at 
base of blanket 5 cm thick. 
Substratum Amplitude 
(table 2) O C  
1-2, I11 
1-2 
I11 
1-2, 111 
1-2 
I11 
1-2, I11 
1-2 
111 
4.5 
4.5 
0.2 
0.1 
0.1 
0.004 
2 74 
2 74 
60 
Phase 
- 60 
- 60 
- 60 
-253 
-252 
-252 
-11 
- 11 
-39 
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where A, B, C are constants independent of 2, 
conditio- ib * zo and r = w, and the conditions of continuity of 
temperature and flux a t  5 = o lead t o  
Application of i n i t i a l  
- 
- 
A = [KqTo(cosh qbL-1) - Km cosh qbLvpD 
where 
Conversion of the  hyperbolic functions in ( 2 9 )  through (32) t o  
exponentials, and expansion of 2 by the  binomial theorem then leads t o  
the following expressions f o r  the temperatures 
m 
Here ,M = @-pd/(B+Bd and the other symbols are  defined in t ab le  1, 
Equations (33) and (34) are  most convenient t o  use fo r  small values of 
time, but they converge f o r  a l l  times. 
blanket divided by t h e  undisturbed lunar f lux  a re  shown in f igure 10 f o r  
Numerical values of the f lux  i n  the 
. 
0. i
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0 
0.001 
I 
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0 0.5 I .o 
Time, years 
Figure IO. Ratio of transient to steady-state fluxes for times up to a 
year after blanket emplacement. Curves I and 2 for blanket of SI-IO 
material , curves 3 and 4 for SI - 91 (table 2 (ET)). Curves I and 3 
for blanket resting on dust (table 2 (I) 21, and curves 2 and 4 for 
blanket resting on substratum (table 2 (m)) . 
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blankets of material SX-10 and SI-91 on dust (table 2(I)2) and substratum 
(table 2 (III)). 
less than 15% of the equilibrium flux after 1 year, 
virtually indesendent of the 20 term; it arises mainly from the ,m term, 
Hence no matter how carefully the initial temGerature of the blanket is 
matched to the mean temperature of the lunar surface, a major disturbance 
is caused by emglacement of the blanket, and it persists for years if 
the blanket is made of superinsulating material. 
conductivity of the substratum, the longer is the time required to reach 
equilibrium. The ''&lastic" blanket, on the other hand, achieves equilibrium 
within a year. 
In the most favorable case the flux in the blanket is 
This result is 
The higher the 
Thus we see that the two classes of time-dekendent temperatures pose 
difficulties that appear to require mutually incoqatible sets of blanket 
properties for their solution. 
either a large periodic fluctuation throughout the  blanket, or a 
Erohibitively long time for equilibrium to be established. 
apFear that the use of a blanket material with intermediate properties 
w o u l d  solve the problem. 
periodic fluctuation and a long time constant. 
blanket affects its thermal behavior in much the same way as its thermal 
diffusivity, so that no escape can be found by changing this parameter. 
In the examLles given one must face 
It does not 
One would then be confronted with both a large 
The thickness of the 
A final consideration about the blanket tyFe of flux meter 
concerns its contact with the lunar surface. In all of the foregoing 
calculations it has been assumed that there is no contact resistance 
between the blanket and the lunar surface, a situation that is difficult 
to achieve in practice. 
reduce the effectiveness with which the keriodic fluctuation is damped 
out in the blanket and to increase the time required to equilibrate with 
the lunar surface. Nonuniform contact resistance, which is likely to be 
encountered due to irregularities on the lunar surface, will in addition 
The effect of uniform contact resistance is to 
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I .  cause thermal refraction within the dimensions of the blanket. This 
will cause the flux in the blanket to differ from point to point, 
necessitating a large number of temperature SenBOiS to give a groper 
I '  mean gradient. Readout is not necessarily comklicated by such a 
requirement, since a single readout of many resistance elements in 
series and/or ;.arallel to give an agpropriate mean value would i n  all 
probability be feasible. 
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5.  C0I:CLUS I3NS 
A. me-di-nsional steady periodic temperatures, 
A l i a i t e d  amunt  of information about the thermal propert ies  of a 
layer  can be obtained from a ctudy of amplitude o r  phase of rhe thermal 
wave as a function of  depth, if the e f f e c t  of other  layers is small, The 
latter condition can be recognized by the  exponential decrease i n  amplitude 
wi th  depth. 
information i n  addi t ion t o  t h a t  provided by study of amplitude alone. 
When the  propert ies  of more than one layer  influence the  temperatures t o  
an important degree, it may be possible t o  determine the  propert ies  of 
those layers  penetrated completely by a hole. Extrapolation beyond the  
deepest observation of temperature is not r e l i a b l e  unless the  depth t o  
the  next in te r face  is  accurately known independently. 
Study of both amplitude and phase gives l i t t l e  o r  no 
B. Propagation of the thermal wave near a hole i n  the  surface layer.  
A hole or t h i n  spot  i n  the  surface layer  w i l l  l e t  high-amplitude 
f luc tua t ions  leak i n t o  the  substratum, where they may propagate l a t e r a l l y  
t o  some distance.  This e f f ec t  does not appear t o  be ser ious,  however. 
The amplitudes a r e  essentially unaffected by t he  presence of t h e  hole a 
few meters away. 
C. Thermal re f rac t ion  due t o  i r regular  thickness of the sur face  layer. 
This steady-state phenomenon is f a r  more serious than the  periodic 
disturbance discussed under B. Conditions very probably exis t  near the 
lunar surface which cause differences i n  f lux  of So"/, or more because of 
thermal refract ion.  Such anomalies can be avoided by measuring heat flow 
a t  depths below regions causing refract ion.  Errors  due t o  t h i s  e f f ec t  can 
30. 
* 
. largely be removed by taking the me&~s of sweral closely spaced observations. 
It seem best to try ti. take advantage of bath techniques, and to measure 
temperatures in the deepest k:C)ieS practicP5lc at severs1 pof.nrc at a given 
lunar site. 
D. The blanket method of measuring lunar heat flow. 
The following difficulties are recognized as standing in the way of a 
measurement of lunar heat flow by a blanket-type fluxmeter. 
1. 
2. 
3 .  
4. 
The flux is disturbed by thermal refraction due to the presence of the 
blanket. 
for the blanket, and the correction is calculable. 
The flux is disturbed if tke albeck of the blanket does not match that 
of the lunar surface and a difference in mean temperature between the 
blanket and the surface is thereby created. This disturbance is serious 
i f  the mismatch in temperature exceeds a few tenths of degrees. 
The blanket must be made of poorly conducting naterial in order to 
damp out the steady periodic temperature fluctuation in a reasonable 
thickness, a d  also t o  have a readily mea$\ira5le-t?,emal gradient set  
up by the lunar flux, 
takes years to come into equilibrium with the lunar flux. 
having a manageable time constant associated with its emplacement 
does not satisfy the requirements imposed by the steady periodic 
fluctuations and the small value of flux to be measured. 
This effect can be kept small by choice of proper geometry 
But a blanket satisfying these requirements 
A blanket 
The flux through the blanket may vary from point to point because of 
variable contact resistance with the lunar surface. A large number of 
temperature sensors would be necessary to measure a meaningful average flux. 
. 
. 
31. 
. 
. Difficulties (2) and (3) in particular seem insuperable and make the 
blanket method unattractive for the measurement of lunar heat flaw. 
32. 
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